Abstract. We construct integrable Hamiltonian systems on G/K, where G is a quasitriangular Poisson Lie group and K is a Lie subgroup arising as the fixed point set of a group automorphism σ of G satisfying the classical reflection equation. In the case that G is factorizable, we show that the time evolution of these systems is described by a Lax equation, and present its solution in terms of a factorization problem in G. Our construction is closely related to the semiclassical limit of Sklyanin's integrable quantum spin chains with reflecting boundaries.
Introduction.
A large and well-studied class of integrable Hamiltonian systems consists of those whose phase space can be realized as a Poisson submanifold of a quasitriangular Poisson-Lie group G. In this situation, the conjugation invariant functions I G ⊂ C(G) form a Poisson commutative subalgebra, and particular integrable systems arise by restricting these functions to symplectic leaves in G.
In this paper we construct integrable systems on Poisson homogeneous spaces of the form G/K, where (G, r) is a quasitriangular Poisson Lie group and K is a Lie subgroup of G which arises as the fixed point set of a Lie group automorphism σ : G → G. In this setting, the condition for G/K to inherit a Poisson structure from G is equivalent to the requirement that the quantity C σ (r) = (σ ⊗ σ) (r) + r − (σ ⊗ 1 + 1 ⊗ σ)(r) be a Lie(K)-invariant in g ⊗ g. In the special case C σ (r) = 0, we say that (r, σ) is a solution of the classical reflection equation (CRE) . In this case, we construct a classical reflection monodromy matrix T with the property that the classical reflection transfer matrices obtained by taking the trace of T in finite dimensional representations of G form a Poisson commuting family of functions in C(G/K) ⊂ C(G). These functions are no longer Ad G -invariant, but are instead bi-invariant under the action of K × K on G by left and right translations.
The motivation for our construction comes from the quantum spin chains with reflecting boundary conditions introduced by Sklyanin [Sk] . It is known [MRS] that these quantum integrable systems are closely related to coideal subalgebras in the quantum affine algebras U q ( g). When g is a finite dimensional simple Lie algebra, coideal subalgebras in U q (g) have been studied by many authors [NS] , [L] , [CG] , [KS] and may be regarded as quantizations of the classical symmetric spaces G/K.
We will show that the semiclassical limit of Sklyanin's quantum reflection equation coincides with the CRE for an appropriate choice of group G and automorphism σ. We shall also explain how to derive local Hamiltonians for the corresponding homogeneous classical spin chain.
The paper is organized as follows. In section 2, we recall some standard facts about Poisson-Lie groups and their Lie bialgebras. In section 3, we study coideal Lie subalgebras in coboundary Poisson-Lie groups, and introduce the classical reflection equation. In section 4, we define the reflection monodromy matrix, and show how it can be used to construct a Poisson-commutative subalgebra in C(G/K). In section 5, we explain a certain twisting of this construction. Section 6 is devoted to the equations of motion of such systems, which are shown to be of Lax form. We also provide their explicit solution in the case G is factorizable and admits an Iwasawa decomposition. The final two sections are devoted to examples. In section 7, we apply our formalism to the case when G is the split real semisimple Lie group SL n+1 (R), and K = SO n+1 (R) is the set of elements fixed by the Cartan involution. Finally in section 8, we apply our general scheme to the loop algebra Lsl 2 , and thereby recover the semiclassical limit of a quantum integrable system discovered by Sklyanin, the XXZ spin chain with reflecting boundary conditions. Acknowledgements. I would like to thank Nicolai Reshetikhin for his suggestion to study the semiclassical limit of spin chains with reflecting boundaries, and for his close reading of several drafts of the text. I also wish to thank Alexander Shapiro and Harold Williams for many valuable discussions related to integrable systems and their Poisson geometry. This work was supported by a Fulbright International Science and Technology Award.
Lie bialgebras and Poisson-Lie groups.
In this section we collect some standard definitions and facts about Poisson-Lie groups and their Lie bialgebras that we shall use throughout the paper. For further details, see for example [CP, ES] . Recall that a Lie bialgebra is a Lie algebra g together with a linear map δ : g → g∧g satisfying the following two conditions:
(1) The dual mapping δ * : g * ∧ g * → g * defines a Lie bracket on g * (2) The map δ satisfies the 1-cocycle condition
where the g acts on g ∧ g by the exterior square of the adjoint representation. We shall focus on Lie bialgebras for which the 1-cocycle δ is actually a coboundary. This means that there exists an element r ∈ g ⊗ g such that δ(X) = X · r. One checks [CP] that the induced bracket on g * will be skew and satisfy the Jacobi identity if and only if the symmetric part J = are g-invariants in g ⊗ g and g ⊗ g ⊗ g respectively. In the case that [[r, r]] = 0, we say r is a solution of the classical Yang-Baxter equation, and that the Lie bialgebra g is quasitriangular. If g is a quasitriangular Lie bialgebra and the symmetric bilinear form on g * defined by J is nondegenerate, we say that g is factorizable.
A Poisson-Lie group is Lie group equipped with a Poisson structure such that the group multiplication is a Poisson map. As is well known [CP] , the category of Lie bialgebras is equivalent to the category of connected, simply connected Poisson-Lie groups. The Lie bialgebra corresponding to a given Poisson-Lie group is called its tangent Lie bialgebra. We say that a Poisson-Lie group G is quasitriangular (resp. factorizable) if its tangent Lie bialgebra is.
The Poisson bracket on a coboundary Poisson-Lie group (G, r) may be described quite explicitly. If {X s } is a basis for g, let us expand
where Y L,R denote left/right derivatives with respect to Y ∈ g:
3. Poisson homogeneous spaces and the classical reflection equation.
Let g be a Lie bialgebra, and let k ⊂ g be a Lie subalgebra in g. We say that k is a coideal Lie subalgebra in g if
Our interest in coideal Lie subalgebras stems from the following fact, whose straightforward proof may be found in [ES] . Proposition 1. A closed Lie subgroup K ⊂ G inherits a unique Poisson structure from G such that the natural projection π : G → G/K is Poisson if and only if k = Lie(K) is a coideal Lie subalgebra in g.
Note that this condition is weaker than the condition that the subgroup K be a Poisson submanifold of G, for which we require
Suppose now that (g, r) is a coboundary Lie bialgebra, and that σ : g → g is a Lie algebra automorphism. Then the fixed point set
is a Lie subalgebra of g. Our first goal is to characterize when k is a coideal Lie subalgebra. For this purpose, we shall introduce the quantity
Theorem 1. The Lie subalgebra k = g σ is a coideal Lie subalgebra in (g, r) if and only if the quantity C σ (r) is a k-invariant in g ⊗ g.
Proof. The subspace g⊗k+k⊗g ⊂ g⊗g is the kernel of the vector space endomorphism A = (σ − 1) ⊗ (σ − 1). So k is a coideal Lie subalgebra if and only if A • δ(k) = 0. Let us expand the r-matrix as r = i a i ⊗ b i for some a i , b i ∈ g, and take x ∈ k. Then we compute
This is zero if and only if C σ (r) is a k-invariant.
is a k-invariant, the corresponding homogeneous space G/K inherits the structure of a Poisson manifold.
The simplest way to satisfy this condition is to demand C σ (r) = 0. In this case, we say that the pair (r, σ) is a solution of the classical reflection equation
We will mostly be interested in the case when the automorphism σ is an involution, i.e. σ 2 = id. Then if p is the (−1)-eigenspace of σ, we have the decomposition of k-modules g = k ⊕ p. If we decompose the r-matrix as (3.3) r = r kk + r kp + r pk + r pp we find C σ (r) = 4r pp . Hence, we have Proposition 2. If σ is an involution, k is a coideal Lie subalgebra if and only if r pp is k-invariant. The pair (r, σ) is a solution of the CRE if and only if r pp = 0.
Remark. In this work, we only consider Poisson structures on G/K with the property that the projection G → G/K is a Poisson map. In [D] , Drinfeld classifies Poisson structures on G/K compatible with the Poisson structure on G in the sense that the mapping G × G/K → G/K is Poisson. Such Poisson structures are shown to correspond to Lagrangian subalgebras in the double D(g) = g ⊕ g * , those under consideration in the present paper being given by Lagrangians L k = k ⊕ k ⊥ . It would be interesting to try to construct integrable systems on the more general class of Poisson homogeneous spaces classified in [D] .
Construction of integrable systems.
Quasitriangular Poisson-Lie groups play a prominent role in the theory of classical integrable systems because of the following simple consequence of formula (2.1) for the Poisson bracket on G.
Proposition 3. [RSTS] If (G, r) is a quasitriangular Poisson-Lie group, then the subspace I G ⊂ C(G) of conjugation-invariant functions is a Poisson commutative subalgebra.
Restricting this Poisson commutative subalgebra of functions to symplectic leaves of appropriate dimension in G, it is often possible to obtain classical integrable systems. Examples of integrable systems that can be derived in this framework include the Coxeter-Toda lattice [HKKR] , its affine counterpart [W] , and the classical XXX spin chain with periodic boundaries, see the survey [R1] and references therein. We will now explain how to construct integrable systems on the Poisson homogeneous spaces G/K described in the previous section.
In order to describe K-invariant functions on G explicitly, we introduce the classical reflection monodromy matrix
Observe that if k ∈ K = G σ , we have T (gk) = T (g). Hence matrix elements T V of T in any finite dimensional representation V are elements of the ring of K-invariant functions C(G/K). Taking the trace, we obtain the reflection transfer matrix
In contrast to those arising from the standard construction of integrable systems on G, the reflection transfer matrices τ V (g) are not in general Ad G -invariant. On the other hand, observe that τ V (kg) = τ V (g), so the reflection transfer matrices lie in C(K\G/K), the subalgebra of K-bi-invariant functions on G.
Theorem 2. Suppose (r, σ) is a solution of the classical reflection equation. Then the subalgebra C(K\G/K) is Poisson commutative. In particular, for any pair of finite dimensional representations V, W of G, the reflection transfer matrices τ V , τ W satisfy
Hence the result follows from the decomposition (3.3) of the r-matrix.
Poisson commutativity of the reflection transfer matrices also follows immediately from the following expression for the Poisson brackets of matrix elements of the reflection monodromy matrix:
Proposition 4. If (r, σ) is a solution of the classical reflection equation, matrix elements of the reflection monodromy matrix satisfy
Proof. Recall [CP] that the matrix elements ρ(g) of g in a finite dimensional representation have the Poisson brackets
Now since σ is a group automorphism, we have
, applying the Leibniz rule yields
This expression may be rewritten as
Applying the CRE C σ (r) = 0, one arrives at formula (4.3).
Let us conclude this section by observing that the commutativity of the reflection transfer matrices continues to hold under the weaker assumption that C σ (r) is a (possibly nonzero) k-invariant.
Proposition 5. Suppose σ is an involution, and (r, σ) satisfies the condition (3.1): i.e. C σ (r) is a k-invariant. Then the reflection transfer matrices form a Poisson commutative subalgebra.
Proof. As in the previous section, write g = k ⊕ p for the decomposition of g into the ±1 eigenspaces of σ. Recall [H] that we may take neighborhoods V k , V p in k, p such that the map V p × V k → G, (z, y) → exp(z) exp(y) is a diffeomorphism onto an open neighborhood U of the identity in G. For g = exp(z) exp(y) =: pk ∈ U, the K-invariance of C σ (r) implies
Since gσ(g −1 ) = p 2 , the terms involving C σ (r) in (4.4) cancel and we obtain the result.
Twisting.
The construction of the previous section also admits a twisted version, which we shall now describe. Let σ be an involution on (g, r) which is a solution of the classical reflection equation C σ (r) = 0, and suppose that ϕ ± are two automorphisms of g. As usual, we denote the Lie algebra of fixed points of σ by k, and the corresponding Lie group by K. The automorphisms ϕ ± allow us to define twisted left and right actions of K on G:
Proof. Since C σ ± (r) = 0, we have r p ± p ± = 0 in the corresponding decompositions (3.3) of r. The σ ± fixed-subalgebras k ± are related to k by k ± = ϕ ± (k). But f is a twisted K-bi-invariant function we have
for all X ∈ k, and from formula (2.1) for the Poisson bracket the result follows.
Of particular interest to us is when the the automorphisms ϕ ± are of the form Ad h ± for some h ± ∈ G. In this case, we may form the (right) twisted monodromy matrix
whose matrix elements in any finite dimensional representation V are invariant under twisted right action of K. Then the twisted transfer matrices
−1 , we may write the twisted transfer matrix more economically as
We now proceed to the description of the dynamics of the systems constructed in the previous sections. For simplicity, we shall work in the untwisted setting. Let us begin by writing down the equations of motion generated by K-bi-invariant Hamiltonians.
Given a function H ∈ C(G), its left and right gradients at a point g ∈ G are functionals ∇ ± H(g) ∈ g * defined by
(r − r 21 ) be the skew part of the r-matrix, and let J = 1 2 (r + r 21 ) be its symmetric part. We may regard the tensors r, J,r ∈ g ⊗ g as linear maps g * → g by contraction in the first tensor factor.
In this section, we shall assume that we have fixed a finite dimensional representation (ρ, V ) of G, and to simplify notation we shall confuse group elements g ∈ G with their images ρ(g) ∈ End(V ). Now, it follows from formula (2.1) that the matrix g evolves under the Hamiltonian flow of H by
Hamiltonian. Then the Hamiltonian flow of H takes place on K × Korbits in G, and the reflection monodromy matrix evolves in time by the Lax equation
Proof. If H ∈ C(K\G/K), then for X ∈ k, ∇ ± H, X = 0, and so from the decomposition (3.3) it follows thatr(∇ ± H) ∈ k. In view of the equation of motion (6.1), this proves the first part of the proposition. The equation of motion for the reflection monodromy matrix is obtained by straightforward calculation using formula (2.1).
Let us now assume that (G, r) is factorizable, and that the skew part r of r satisfies C σ (r) = 0 for some involution σ. Let us further assume that g admits an Iwasawa decomposition g = b ⊕ k, where b = r(g * ). At the group level, this means that in a neighborhood of the identity, each element of g admits a unique factorization g = bk −1 with b ∈ B, k ∈ K.
Proposition 8. Under the above assumptions on (G, r, σ), the time evolution of the matrix g(t) under the Hamiltonian flow of H ∈ C(K\G/K) is given for sufficiently small time t by (6.3) g(t) = k −1 + (t)g 0 k − (t) where the matrices k ± (t) are solutions of the following factorization problems in G:
. By the Iwasawa decomposition, for sufficiently small time we have a unique factorization
Differentiating with respect to time shows that
. By the bi-invariance of H and the Adinvariance of J, we have Corollary 2. Under the above assumptions on (G, r, σ), the isospectral evolution of the reflection monodromy matrix under the Hamiltonian flow of H ∈ C(K\G/K) is given explicitly by
In particular, it follows that all spectral invariants of the reflection monodromy matrix are constants of the motion.
Finite dimensional examples.
We will now show how our construction may be applied to split real semisimple Lie algebras. For simplicity, we will focus on the case of type A n , when g = sl n+1 (R).
Let us choose a triangular decomposition g = n − ⊕ h ⊕ n + , and a system of Chevalley generators {E i , F i , H i } . We denote the set of positive roots by ∆ + . The standard Lie bialgebra structure on g is defined by
or equivalently by the r-matrix
The Cartan involution on g is the Lie algebra automorphism θ defined by θ(
This involution gives rise to a decomposition g = k ⊕ p into its ±1 eigenspaces known as the Cartan decomposition. The fixed point set k = so n (R) is a Lie subalgebra in g, the anti-fixed point set p consisting of traceless symmetric matrices is a k-module.
Proposition 9. The pair (r, θ) is a solution of the classical reflection equation.
From this (or by inspection of the formulas for the cobracket), it follows that k is a coideal Lie subalgebra in g. Note also that k does
Denote by A, B the analytic subgroups of G with Lie algebras h, b = h ⊕ n respectively. By virtue (see [H] ) of the Iwasawa decomposition G = BK, we may identify the homogeneous space G/K with B. Observe that B ⊂ G is a Poisson submanifold.
Proposition 10. The Poisson structure on G/K coincides with the Poisson structure on B coming from its inclusion into G.
Proof. Let π : G → G/K ≃ B be the projection with respect to Iwasawa decomposition, and ι : G/K ≃ B → G be inclusion. We must show that ι is Poisson, where B ≃ G/K is equipped with the quotient Poisson structure. For b ∈ B, we calculate ι
By definition of the quotient Poisson structure and the chain rule, we have
Remark. Recall [H] that we also have the global Cartan decomposition G = P K: any element of g may be uniquely factored g = pk, where k ∈ SO n and p is a symmetric positive definite matrix. This shows that we may also identify G/K with the space P of symmetric positive definite matrices. The element p in the factorization of g is essentially the reflection monodromy matrix, since it may be explicitly computed as p 2 = gg T = gθ(g −1 ).
By the so-called KAK decomposition (see again [H] ) , the reflection Hamiltonians may be regarded as functions on K\G/K ≃ A, where A is the n-dimensional Cartan subgroup of unit determinant diagonal matrices. Thus in order to describe integrable systems on G/K, we must identify symplectic leaves of dimension 2n. Recall [HKKR] , [W] that the double Bruhat cells G u,v are A-invariant Poisson subvarieties of G. Consider the 2n-dimensional double Bruhat cell G c,1 ⊂ B where c is the Coxeter element c = s n · · · s 1 in the symmetric group S n+1 .
Proposition 11. The double Bruhat cell G c,1 is mapped isomorphically under the quotient projection to a symplectic manifold M c ⊂ G/K of dimension 2n, to and the restriction of C(K\G/K) to M c defines an integrable system.
Indeed, G
c,1 consists of all upper triangular matrices X with positive diagonal entries and with all entries of distance > 1 from the diagonal equal to zero. If we write a k = X kk , k = 1, . . . , n + 1, b k = X k,k+1 , the non-zero Poisson brackets of coordinates are given by
The coordinates (a k , b k ) can be expressed in terms of canonically conjugate coordinates {p k , q k } = 1, k = 1, . . . n by
where we understand q 0 = q n+1 = 0. The reflection monodromy matrix takes the symmetric tridiagonal form
Its trace is the quadratic local Hamiltonian
This system essentially coincides with the Coxeter-Toda system with phase space G c,c −1 /A. Explicitly, G c,c −1 /A consists of the unit determinant tridiagonal matrices, modulo conjugation by diagonal matrices, where we equip SL n+1 (R) with the Poisson structure defined by the scaled r-matrix 2r. Then under this normalization, the map
/A is Poisson, and carries relativistic Toda Hamiltonians to reflection Hamiltonians.
One may also restrict the reflection Hamiltonians to the 2n-dimensional symplectic leaves of the double Bruhat cells G c,c , although we have been unable to identify the integrable systems obtained in this fashion with those in the existing literature.
Remark. Although the restriction of the reflection Hamiltonians to symplectic leaves of dimension greater than 2n cannot yield an integrable system, the explicit solution of the equations of motion in terms of the factorization problem in G given in Section 6 remains valid on such leaves. This leads us to suspect that such systems may be degenerately integrable, as their Ad G -invariant counterparts were shown to be in [R2] . We leave the detailed investigation of this subject for a future work.
8. Classical XXZ spin chain with reflecting boundaries.
We will now apply our general scheme to the case of the formal loop algebra Lsl 2 = sl 2 ⊗ C[z ±1 ]. In doing so, we shall recover the semiclassical limit of Sklyanin's XXZ model with reflecting boundary conditions [Sk] . Let
be the usual root basis of g = sl 2 . The infinite dimensional Lie algebra Lg has a basis {x[n] = x⊗z n x ∈ {E, H, F }, n ∈ Z}. It admits several pseudo-triangular Lie bialgebra structures [CP] , the one of interest to us being determined by the (trigonometric) r-matrix
] as being embedded in the larger space (g ⊗ g)(z, w) of g ⊗ g-valued rational functions of z and w. The cobracket is given by the formula δ(x)(z, w) = ad x(z) ⊗ 1 + 1 ⊗ ad x(w) r(z, w)
Setting r 12 (z/w) = r(z, w), we obtain a solution of the classical YangBaxter equation in (g⊗g)(z, w) with multiplicative spectral parameter:
Observe that r(z) satisfies the 'unitarity' condition
Now let ρ : sl 2 → End(C 2 ) be the vector representation of sl 2 , and consider evaluation representations
The classical monodromy matrix T (z) is defined as the matrix elements of LSL 2 in the evaluation representation ρ z . Poisson brackets of its elements are given by
The loop algebra Lsl 2 has an involution θ defined by (θx)(z) = x(z −1 ) for x(z) ∈ Lsl 2 . Conjugation by any element of the loop group LGL 2 also defines an automorphism of Lsl 2 . Let us define a one-parameter family of loop group elements h(z; ξ) by
and consider the composite automorphism σ ξ = Ad h(z;ξ) • θ • Ad h −1 (z;ξ) . Note that setting ξ = i recovers σ i = θ.
Proposition 12. We have
so that σ ξ defines a one-parameter family of solutions of the classical reflection equation.
3) may be written more explicitly as
where we for brevity we have suppressed in our notation the ξ-dependence of the matrix K(z).
Remark. This latter formula can be recognized as the semiclassical limit of Sklyanin's quantum reflection equation [Sk] 
where the quantum R-matrix
is related to r(z) by
By virtue of Proposition 12, we may perform the twisting outlined in section 5. If ξ + , ξ − are complex numbers, we shall twist on the left by Ad h(z;ξ + T 1 (z)r 12 (zw)T 2 (w) − T 2 (w)r 12 (zw)T 1 (z) which coincides with the formula given in Sklyanin's original paper [Sk] .
In order to describe particular finite dimensional systems, we must identify symplectic leaves in LSL 2 . The leaves we will consider can be described in terms of (SL 2 ) * , the Poisson-Lie group dual to SL 2 with its standard Poisson structure. Explicitly, we have C The function ω = k 2 + k −2 + ef is a Casimir element of the Poisson algebra C[SL * 2 ], and it is thus constant on symplectic leaves. We shall parameterize its value by ω = t 2 + t −2 . The generic level set ω t is a two-dimensional symplectic leaf Σ t in SL * 2 .
One can check that the matrix
Hence the mapping
defines a Poisson embedding of the 2N-dimensional symplectic manifold Σ t 1 × · · · × Σ t N into LSL 2 .
Let us conclude by deriving the local Hamiltonian of the homogeneous chain where ω i ≡ ω = t 2 + t −2 , using the technique explained in [R1] and references therein. Note that since det L(z) = z 2 + z −2 − ω when z = t ±1 the Lax matrix degenerates into the projector
We also have the identity
To describe the local Hamiltonian of the chain, we introduce the regularized reflection monodromy matrix
One then computes tr S(t)K + (z) = (K − (t)α N , β N )(β 1 , K + (t)α 1 )
= e n f n+1 + f n+1 e n + ω(k n k n+1 + k
n ) Hence setting H n,n+1 = log e n f n+1 + e n+1 f n + ω(k n k n+1 + k
we obtain the local reflection Hamiltonian
